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In this paper, the problem of phase reconstruction from magnitude of 
multidimensional band-limited functions is considered. It is shown that any 
irreducible band-limited function f(z, ,..., z”), zi E C, i = l,..., n, is uniquely deter- 
mined from the magnitude of f(x, ,..., x”): If(x, ,..., xn)i, xi E R, i = l,..., n, except 
for (1) linear shifts: e”““” ” tonrn+B), /3, ai E R, i = l,..., n; and (2) conjugation: 
f*(z: ,..., z,*). D 1984 Academic Press, Inc. 
1. INTRODUCTION 
The problem of recovering the phase of a band-limited signal from its 
magnitude has received much attention in the physics and engineering 
communities. The phase retrieval problem can be stated as follows. Let 
J R” -+ C be a band-limited function (i.e., its distributional Fourier transform 
p is supported on a compact set Q G R”) and assume that lf(xl ,..., x,J is 
known for all real values xi, i = l,..., n. Under these assumptions, the goal is 
to find f(xi ,..., XJ for all real x,, i = l,..., n. 
It is obvious that f(xi,..., x,J will never be uniquely determined from 
If (x1 ,***, xJl because f can be modified in the following way: 
a. Multiplicating by a constant: ei4, /I E R. 
b. Taking complex conjugation: f*(x, ,..., x,J. 
c. Multiplicating by a linear phase: e”“l*l+ “+anxn), (wi E R, 
i = l,..., n. 
It is obvious that none of the above operations will change the given 
magnitude. It is also clear that neither a nor b will modify the support of the 
Fourier transform 8. On the other hand, c introduces a shift in the support 
of the distributional Fourier transform which becomes R + {(a, ,..., a,)}. 
However, the band-limitness property still holds because 52 + { (a1 ,..., a,)} is 
compact. 
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The functions which are obtained from f by applying one or more of the 
operations a, b, c, are usually called trivial associates. In practical 
applications (X-ray crystallography, electron microscopy, etc. [ 11) the 
existence of trivial associates is not too much of a problem since the Fourier 
transform of any of them still carries all the important information of the 
physical phenomenon. On the other hand, further mathematical assumptions 
can be made to remove some of these trivial ambiguities. For example, if the 
true signal is known to have a Fourier transform which is real and non- 
negative, the possible trivial associates will be obtained by applying b or c. 
Therefore, a crucial problem is to determine whether or not trivial 
associates are all the possible ambiguities for the phase retrieval problem. In 
other words, given ]f(x ,,..., x,J, xi E R, i = l,..., n, f band-limited to 
Q c R”, we would like to know whether any other R-band-limited function 
g: R” + C such that ] g(xl ,..., x,J] = ]f(x, ,..., x,J for all xi E R, i = l,..., n, 
will have to be a trivial associate off: If this answer is positive we will say 
that, for suchf, the solution of the phase retrieval problem is unique. 
This uniqueness matter (in the sense defined above) has been extensively 
studied for the one-dimensional case (n = 1). It would be difficult to make a 
complete list of references which address this problem. However, a quite 
general theorem given in [2, p. 901 for (1, t)-growth functions is enough to 
show that there may be more than one (essential) solution to the phase 
retrieval problem. But, it is also possible to give a complete characterization 
of the uniqueness problem for n = 1 at least for the most important cases in 
whichfis a L’(Q) function or whenfis a trigonometrical polynomial, that is 
to say, f is a finite linear combination of delta distributions (see [ 3, 41). The 
basic tool was Hadamard’s factorization of entire functions of finite order. 
This approach [3,4] was used to construct all the Q-band-limited signals, in 
one dimension, which have the same magnitude: If(x)], x E R. A simple 
conclusion from the results of [3,4] is that for one dimension the recovery of 
a band-limited signal from its magnitude is “almost always” impossible. 
Although an analogous result for n > 2 is not available yet, some results 
were obtained under additional (usually very strong) assumptions. For 
instance, if f is assumed to be a trigonometrical polynomial in several 
variables then an elegant extension of the corresponding one-dimensional 
result is possible [5]. The basic tool used in [5] was that complex 
polynomials in IZ variables constitute a unique factorization domain. 
Although the same technique does not extend to the general case, the result 
given in [5] is important because it was shown that, for n > 2, unique 
retrieval of a trigonometrical polynomial from its magnitude is unlike the 
one-dimensional case, “almost always” possible [6, 71. 
In this paper, we shall give a sufficient condition which ensures uniqueness 
(in the sense defined above) of the phase reconstruction problem for a band- 
limited multidimensional signal. 
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II. MAIN RESULT 
In this section we shall present he main result of our paper. To this end, 
we need to recall some notation and definitions. Hereafter, it will be assumed 
that f: IA” -+ CG is a band-limited function. It is well known that this condition 
is equivalent o the following: 
f can be uniquely extended to C” as an entire function of exponential 
type, i.e., there exist A > 0, c E R, k E E such that 
If(z ,,“., ZJ < c(1 + l](Zi,..., ZJ)” eAll(‘mzl,....Imz”)Il (1) 
for all z i ,..., z, E G (see [ 8, pp. 211, for instance). On the other hand, it can 
be shown that in (1) A =max{]l(wi ,..., wJ/, (w, ,..., wJ E support f} [8, 
p. 211. 
Since the Fourier transform of any function in this class has compact 
support, for any f,, fz in this class we have 
where @ stands for the usual convolution of distributions. By using (2) it can 
be easily shown that if f is an entire function of exponential type then 
Ifk T.--Y x,)]* is also band-limited and extends to C” as the entire function: 
f(z i ,..., zn) . f *(zT ,..., z,*) for all z, ,..., z, E C. In what follows the function 
f *(zF,..., zz) will be denoted by f *. 
We will say that an entire functionf: Cfl -+ G is irreducible iff f cannot be 
written as the product of two entire functions f,, fi such that { (zi ,..., z,J E 
cn:fi(Z1,..., z,J = 0) and {(z, ,..., z,J E Cn:f2(z1 ,..., z,J = 0) are both non- 
empty sets. 
Let us denote by C, the set of zeros of an entire function J C, is an 
analytic set and the irreducibility stated above is well known to have 
topological counterparts in Cf which involve the set of regular points of C, 
[9, p. 711. If we denote by WCC,) the set of regular points of C,, f is 
irreducible if and only if W(Cf> is connected and the complex gradient Vf = 
(Wz,).L (Wz,>f> d oes not vanish identically over V(C,-). In addition, it 
is worthwhile to ramark that the set of regular points W(Cr> is connected if 
and only if C, is irreducible as an anlytic set in C”, that is to say, C, cannot 
be written as C, U C, where C,, C, are different from C,, non-empty 
analytic sets (for this and related discussion see, for example, [9]). It is also 
simple to prove [ 10, p. 2191 that the multiplicity of a zero off is constant 
over connected components of W(C,). In particular, iff is irreducible, Vf does 
not vanish at any regular point of C,. 
We are now able to state and prove the central result of our paper: 
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THEOREM. Let f: R” + C be a band-limited function and f (z, ,..., z,J, 
zi E C, be its unique entire exponential type extension to 6”. If we assume 
that f(z, ,..., z,J is irreducible in G” then f can be uniquely recovered (up to 
trivial associates) from If(x, ,..., xJ/, xi E R, i = l,..., n. 
Proof. Let us suppose that h: IR” + C is another band-limited function 
such that 1 h(x, ,..., x,J = 1 f (x, ,..., x,)1, for all x1 ,..., x, E IR. Then, for all real 
values of xi we will have I h(x, ,..., x,)1* = If (x, ,..., x,)1* and by using the 
discussion presented at the beginning of this section we have 
f (z, T..., z,J -f *(z:: ,..., z;) = h(z, ,..., z,J . h*(z; ,..., z;), for all zi E C. 
(3) 
By using (3), it is obvious that Cfg C, U C,,, or equivalently, 
C,= (C, n C,> U (C,, n C,). Since C, is irreducible in 6” then 
c,= c, n c, (44 
or 
c, = c,* n Cf. (4b) 
It is clear that (4a) implies Crc C, and that (4b) implies Crs C,, . Let us 
suppose that Crs C, (similar analysis can be done if we take Cfc C,,*). It 
readily follows that C, E C,, (b ecause Cr = CT and C,, = C,*). If we 
assume that C, # C,,, we will arrive at a contradiction. In effect, if 
c, # c,* then there exists a point (zy,..., z”,) E W(C,,) such that 
[I 
z i ,..., z”,) 65 C, . Since C, is close there is a small open neighborhood e of 
z, ,..., z”,) in W(C,,) which does not intersect C,. In addition, by using (3) 
again, we have 
c,* - cp c Cf. 
From our assumption (4a), C,,, - C, G C, and therefore U,, is an open set 
in C,. We show that Vf vanishes identically on U,,. This follows from (3) by 
taking derivatives with respect o zi: 
$f*+f.g+h*+h.z. 
I I i I 
For any point in U,,, f, h and h* vanish but f * does not. Then 3f/3zi must 
vanish for all i = i,..., n. This contradiction comes from assuming C,# C,, 
but Cf& C,. Then we have C,= C,. A completely analogous reasoning will 
lead us to C,= C,, if we choose (4b), that is, Crs C,, . 
Recapitulating, we have shown so far that either f and h or f and h* 
should have the same zero set. We will show next that h = g . f if the first 
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alternative holds or h * = g . f if the second alternative holds, where g is an 
entire function over C”. 
To this end we need to recall a very important theorem concerning local 
theory of analytic functions [9, p. 611. If the functions 4, Y are analytic in a 
neighborhood of a E C” and if also in some neighborhood of a the 
conditions (1) the zeros of 4 and Y coincide and (2) 4 = q . #1, q, #1, 
analytic and q is irreducible with q(u) = 0 are satisfied, then in some 
neighborhood of a we also have Y = q . Y,, where Y, is analytic in that 
neighborhood. 
Assume now that Cr= C, and z” E C” is a point such that f(z”) = 0 
(otherwise h/f is analytic around LO). By using the local result stated above, 
we know that any prime factor off around z” is a factor of h. In other 
words, iff= nr=,fi . y, wherefi is a local prime factor and y(z’) # 0 with y 
analytic in a neighborhood of z”, then h = nie, fi . jr, where the equality 
holds in a neighborhood of z”, y’ is analytic around z” and Z is the set of 
indices corresponding to differentf,‘s. If we prove that the multiplicity offi is 
one we will have Z = { l,..., n) and we will be done because h/f = g/y is 
analytic in a neighborhood of z”. Let us suppose that somefi has multiplicity 
k > 2. Since fi vanishes at z”,A should vanish at a regular point of C, (where 
Vf is not zero). In addition Vfi also vanishes at that point (because k > 2) 
and so does Vf contradicting our hypothesis. In conclusion, h = g . f over 
6”, where g: 6” -+ C is an entire function (a similar conclusion will hold if 
Cf=Ch*, i.e., h*=g.f). Ifh=g.f, then h*(z*)=g*(z*).f*(z*)and we 
obtain hh* = gg* . ff *, for all z = (zl ,.,., zn) E C”. It readily follows from 
(3) that 
g(z) * g*(z*) = 1, for all z = (z, ,..., zn) E 6”. (5) 
From (5), it is seen that g never vanishes. This means that h and f (or h* 
and f) share not only the same set of zeros but also the same multiplicities 
(in particular, at this point h must also be irreducible). We will now show 
that the entire function g is band-limited. This will be enough to conclude 
our proof since, as it is well known, the only entire function which is of 
exponential type and never vanishes is Leicalzl+’ .+nnzntB) for real constants 
al ,..., a,, AL. 
Since log 1 g(zl,..., z,J] is a harmonic function (g is never zero) it will be 
enough to show that log 1 g(z, ,..., ZJ does not grow too rapidly. In fact, it 
can be shown [ 10, p. 481 that log I h(z, ,..., z,,)] - log ] f (zl ,..., ZJ (which is a 
subharmonic function over Cn) does not grow faster than the subharmonic 
function: 
max(log If (z,,..., z,J, log Ih(z,,..., z,,)l). 
Then, log I g(z, ,..., z,,)] does not grow faster than max(log If (zl ,..., zJ(, 
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log I h(z i ,..., z,J]). In particular, this means that the order of log ] g(z, ,..., z,J 
cannot exceed 1 (the order of log ]f(z, ,..., z,J and log ] h(z, ,..., zJ). But any 
harmonic function of finite order is a polynomial P and it turns out that 
degree of P is less than or equal to the order (in this case <l) (see, for 
example, [IO, p. 491). In conclusion, log ] g(z, ,..., zJ] = P(xl + iy, ,..., 
x, + iy,) where P is a real polynomial of degree less than or equal to 1. In 
addition, for x 1,**-, x, E R, I & 1 ,..., x,)]’ = 1 and therefore P(xl ,..., xJ = 0. 
This means that P should depend only on (iv 1 ,..., iy,). Since P is real, then 
for mi, 1 E R P(z ,,..., zn) = m, Im z1 + ...+ m, Imz, + I, for all zi E C, 
i = l,..., n. Then ] g(zi ,..., zJ] = em~‘mrl+“~+m~*mZ~+’ and g is of exponential 
type. In conclusion, we should have one of the following alternatives: 
h(z 1 ,.*-, zn) = e ( i aPI+. . . +w”+mf*(zl* )...) zf) 
or 
h(z 1 ,***, zn)= ei(olrl+...tn,z,+4)f(ZI,...,Z n ) 
for a 1 ,..., a, and p real constants. Q.E.D. 
In our Theorem, it was assumed that ]f(x,,..., x,J is known for all 
x, ,..., x, E R,. However, it is clear that only the values on an open set in R” 
would suffice since ] f 1’ is entire in R”. This will be of relevant importance 
in practical reconstruction. 
Several important remarks are in order. If n = 1, the irreducibility 
assumption made on f (zl ,..., z,J is very stringent because the only functions 
which meet that condition are of the form h(z)(z - a), where a is a constant 
and h(z) never vanishes. On the other hand, this is not the case when it > 2. 
For example, if n > 2, the set of reducible polynomials of fixed degree is 
known to be an algebraic set in the space of possible coefficients. Therefore, 
it is a “very small and flat” set. Perhaps analogous characterizations are 
possible for reducible entire functions of a fixed exponential type. An 
interesting example is the class of entire functions which are written as 
fdz,) + ---+f,(z,) WhereA is entire in one variable and non-constant. It was 
shown in [ 111 that any function in this class is irreducible in C”, for n > 3. 
Some other polynomials in fi(zl),..., fn(zn) can be used as well [ 111. 
However, it would certainly be interesting to obtain a complete charac- 
terization of the uniqueness problem for n > 2 which mimics that of the one- 
dimensional case [3,4]. This is, as far as we know, an open question. 
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